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Abstract. Let BS{l,n) —< a,b \ aba~^ — > he the solvable Baumslag-Solitar 
group, where n > 2. It is known that BS{1, n) is isomorphic to the group generated by 
the two affine maps of the real line: /o(a;) — x + 1 and h^{x) — nx. 

This paper deals with the dynamics of actions of BS{1, n) on closed orientable surfaces. 
We exhibit a smooth BS{1, n) action without finite orbits on T^, we study the dynamical 
behavior of it and of its C-'^-pertubations and we prove that it is not locally rigid. 

We develop a general dynamical study for faithful topological i35'(l, n)-actions on 
closed surfaces S. We prove that such actions < f,h \ ho f o = /" > admit a 
minimal set included in fix{f), the set of fixed points of /, provided that fix{f) is not 
empty. 

When S — T'^, we show that there exists a positive integer N, such that fix{f^) is 
non-empty and contains a minimal set of the action. As a corollary, we get that there 
are no minimal faithful topological actions of BS{l,n) on T^. 

When the surface S has genus at least 2, is closed and orientable, and / is isotopic to 
identity, then fix{f) is non empty and contains a minimal set of the action. Moreover 
if the action is then fix{f) contains any minimal set. 



1. Introduction and statements 

An important question on group actions is existence and stability of global fixed points. 
For Lie group actions, it was shown by Lima |Lim64] that any action of the abelian Lie 
group on a surface with non-zero Euler characteristic has a global fixed point. This 
result was later extended by Plante )Pla86j to nilpotent Lie groups. On the other hand, 
Lima [Lim64j and Plante [Pla86] proved that the solvable Lie group GA{1, M) acts without 
fixed points on every compact surface. 

For discrete group actions, Bonatti |Bon89j showed that any action on surfaces with 
non-zero Euler characteristic generated by diffeomorphisms close to the identity has 
a global fixed point. Druck, Fang and Firmo |DF02j proved a discrete version of Plante's 
theorem. 

This paper deals with the dynamics of actions of the solvable Baumslag-Solitar group, 
BS{l,n) =< a,b \ aba~^ = 6" >, where n > 2, on closed surfaces. 

It is well known that BS{1, n) has many actions on M. The standard action on M is 
the action generated by the two affine maps /o(x) = x + 1 and ho^x) = nx (where fo = b 
and ho = a). 

Actions of solvable groups on one-manifolds have been studied by Plante [PlaSG] , 
Ghys |Ghy01| , Navas |Nav04j . Farb and Franks [FFOl], Moriyama [Mor94j and Rebelo and 
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Silva |RS03] . In |FF01] . as a corollary of a result of M. Shub |Sliu70j on expanding maps, 
they showed the following: 

Theorem. (Farh-Franks-Shuh). 

There are neighborhoods of /o and ho in the uniform topology such that whenever f 
and h are chosen from these respective neighborhoods and the group generated by {/, h} is 
isomorphic to BS{l,n) then the perturbed action is topologically conjugate to the original 
action. 

In contrast, Hirsch (see |Hir75j ) has found analytic actions of BS{l,n) on M which are 
not topologically conjugate to the standard action (but they are semi conjugate). 

Definition 1.1. The standard SS'(1, n)-action on = M.U oo is the action generated 
by the two Moebius maps fo{x) = x + 1 and hQ{x) = nx. It has a global fixed point at oo. 

Farb-Franks-Shub Theorem remains true for the standard ^^(l, n)-action on S*^, since 
a faithful BS-action close to the standard action on S*^ always has a global fixed point 
(the proof of this fact is analoguous to the proof of lemma 16.11) and therefore it can be 
seen as an action on M. 

More recently, L. Burslem and A. Wilkinson [BW04j gave a classification (up to con- 
jugacy) of real analytic actions of BS{l,n) on S^. In particular, they proved that every 
representation of BS{1, n) into Diff^(S'^) is C°°-locally rigid and that for each r > 3 there 
are analytic actions of BS{l,n) that are C^-locally rigid, but not C""~^-locally rigid (for 
the definition of local rigidity see section [2]). 

This results are proved by using a dynamical approach. The dynamics of BS{l,n)- 
actions on 5*^ is now well understood, due to Navas work on solvable groups of circle dif- 
feomorphisms (see |Nav04] ). In particular, Burslem and Wilkinson (see |BW04j ) proved 
that any faithful ^^(l, 'n,)-action on admits a finite orbit. Recently we have ex- 
tended this result to case (see [GLllj ). Also, we have proved that any faithful 
BS{1, n)-action on 5*^ is semi conjugated (up to passing to a finite index subgroup) to the 
standard one. 

The dynamical situation of BS{1, n)-actions on closed surface (even on T^) is more com- 
plicated. Non trivial examples of BS{l,n) actions on closed surfaces can be constructed 
using actions of the affine real group GA{1,M.) := {x ax + (3, a, (3 E M., a > 0}. 
Actions of GA(1,M) on closed surfaces have been studied by Plante-Thurston |PT76] . 
Plante |Pla86j . Belliart-Liousse |BL94j . 

On the other hand, faithful i?S'(l, ?T,)-action on can be constructed by using 
products of smooth actions on S^. In the case where the circle actions are both and 
faithful, finite orbits always exist. But, faithful smooth ^^(l, n)-actions on can be 
obtained as the product of a faithful BS{1, ?T,)-action and a non faithful one. In this case, 
finite orbits may not exist. 

An important family of such examples is given by < fo,hk >, where : 

fo{x, 9) = {x + 1, 9) and hk{x, 9) = {nx, k{9)), 
where xGMUoo,0gS'^ and k is any (orientation preserving) circle homeomorphism. 
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In section 3, we explain the construction of these examples and exhibit a faithful smooth 
action of BS{1, n) on without finite orbits that can be considered as "the standard 
55- action" on T^. More precisely, 

Definition 1.2. The standard ^^(l, ri)-action on is the action generated by : 

fo{x,9) = {x + l,9) 

and 

Hq^x, 6) = {nx, ln(n) + 9), 

where x G M U oo and 6 E S^. 

Our first result is the following: 
Theorem 1. 

The group < fo,hk > generated by /o and is isomorphic to BS{l,n). 
If the rotation number of k is rational, there exist finite BS-orbits. 
If the rotation number of k is irrational, there are no finite BS-orbits and the unique 
minimal set for the BS-action is included in oo x = fix{fo)- 

Corollary 1. There exist C°° faithful BS-actions arbitrary C°° -close to the standard torus 
BS-action < /q, Hq > that are not topologically conjugate to < /o, >. 

This implies that the standard BS-action on does not satisfy the rigidity properties 
described in the Far b- Franks- Shub theorem for the standard BS-action on S*^. 

This property can also be compared to the rigidity result recently proved by Mc Carthy : 
"The trivial BS{l,n)- action on a compact manifold does not admit faithful perturba- 
tions" (see [MClOj l 

Then we consider perturbed actions of the standard one. In particular, we prove that 
there exists either a finite orbit or a unique minimal set. Recall that a minimal set for 
an action of a group G on a compact metric space X is a non-empty closed G-invariant 
subset of X such that if 7^ C M is a closed G-invariant set then either K = M or K = ^. 

Let Ci and C2 be the circles defined by Ci = 00 x 5^ and C2 = x . Note that both 
circles are /lo-i^variant. 

Theorem 2. Let us consider a BS-action < f,h > onT'^ generated by f and h sufficiently 
-close to fo and Hq respectively. Then: 

(1) there exists two circles C[ and €'2 close to Ci and C2 respectively which are h- 
invariant. Moreover, the Uh-Umit set of any point in \ is included in C[ and 
the ah-limit set of any point in \ C[ is included €'2- 

(2) the set of f -fixed points is not empty and it is contained in the circle C[. 

(3) either : 

(a) there exist finite BS-orbits contained in C[, or 

(b) the action has a unique minimal set M which is included in C[ (and in the 
set of f -fixed points). Moreover, M is either C[ or a Cantor set. 
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We check that the "standard action" on satisfies item 3(b) but in the proof of 
Corollary [T] we exhibit C°°-perturbations of it that have a different dynamical behavior: 
they satisfy item 3(a). In section 6, we exhibit an example of an action with a persistent 
global fixed point. More precisely, we construct an action with fixed point satisfying that 
any C^-perturbation of it also has fixed point. 

On the other hand, we develop a general dynamical study for faithful -BS'(1, n)-actions 
on closed surfaces. From now on, let us consider / and h two homeomorphisms that 
generate a BS{1, n)-action, that is, ho f o = 

Our first "dynamical" result on the torus concerns the rotation set of / (for the definition 
see Section [2]). 

Theorem 3. Let < f,h > be a faithful action of BS{l,n) on T^. Then there exists a 
positive integer N, such that f^ is isotopic to identity and has a lift whose rotation set 
is the single point {(0,0)}. Moreover, the set of f'^ -fixed points denoted by fix{f^) is 
non-empty. 

Remark 1.1. In section 3, we exhibit two difjeomorphisms F and H generating a faithful 
action of BS{1, n) on T^, where F admits periodic orbits but it does not have fixed points. 

Since the group < f^, h > is isomorphic to BS{1, nN), Theorem |3] allows us to restrict 
our study on the torus to the case where / is isotopic to identity, the rotation set of a 
lift of / is {(0,0)} and / has fixed points. In this situation we prove that there exists a 
i?S'-minimal set included in the set of /-fixed points. More precisely, we prove the more 
general following statement. 

Theorem 4. Let X be a compact metric space and < f,h > be a representation of 
BS{l,n) inHomeo{X). 

(a) If fix{f) is non-empty, then: 

(1) If Xq G fix{f) then ah{xo) is contained in fix{f). 

(2) There exists an BS -minimal set included in fix{f). Moreover, this BS -minimal 
set coincides with a h-minimal set in fix{f). 

(3) // the set of f -fixed points is finite then the action admits a global finite orbit. 

(4) Let Ai be an BS -minimal set satisfying M. fl fix{f) ^ 0, then M. C fix{f). 

(b) If the set of periodic points of f , per{f ), is non-empty, then there exist a positive 
integer N and a BS -minimal set, M, such that M C fixf^. 

As a consequence of item (b) of Theorem HI Theorem [3] and the fact that < /, /i > is a 
faithful representation of ^^(l,^), we have the following: 

Corollary 2. Let X be a compact metric space and < f,h > be a faithful representation 
of BS{l,n) in Homeo{X) such that Per{f) is non-empty. Then the action of < f,h > 
is not minimal. 
In particular: 

(1) There is no faithful minimal action of BS{l,n) by homeomorphisms on T^. 
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(2) Let H be a compact surface of non zero Euler characteristic. A faithful topological 
BS{l,n) -action < f,h > on is not minimal, provided that f is isotopic to 
identity. 

Remark 1.2. Item (2) is a consequence of Theorem^ (^)('^) ^''^d Lefschetz's fixed point 
theorem. 

When < f,h > is a topological action of BS{1, n) on a closed surface S satisfying that 
any /-invariant probability has support included in the set of /-fixed points, we prove the 
following: 

Theorem 5. Let S he a closed orientable surface and < f,h > be a representation of 
BS{l,n) in Homeo{S). Suppose that for any f -invariant probability measure n, supp{fj,) C 
fix{f). Then: 

(1) Any f -minimal set is a fixed point. The set of periodic points of f , per{f), coin- 
cides with the set fix{f). 

(2) Any BS -minimal set is included in fix{f). Moreover, any BS-minimal set coin- 
cides with a h-minimal set in fix{f). 

(3) Topological entropy of f , enttopif) = 0. 

For next corollary, that we prove using Theorem 1.3 of |FH06j . we need the following: 

Definition 1.3. Let g G Diff^{S), an N -periodic point xq is ca//ed elliptic if the eigen- 
values of the differential of g at Xq, Dg^{xQ), have module 1. 

Corollary 3. Let S be a closed orientable surface and < f,h > be a representation of 
BS{l,n) in Diff^{S) such that: 

• If S has genus at least 1, f is isotopic to identity. 

• If S = S"^, some iterate of f has at least three fixed points. 
Then there exists a positive integer N such that : 

(1) Any f -minimal set is a periodic point. The set of periodic points of f , per{f), 
coincides with the set fix{f^). 

(2) Any BS-minimal set is included in fix{f^). In fact, any BS-minimal set is 
included in a subset of f -elliptic points in fix{f^). 

(3) enttopif) = 0. 

In addition, if S has genus at least 2, N = 1. 

Finally, we have the following open questions: 

(1) Does it exist a faithful action of < f,h >= BS{1, n) on with h non isotopic 
to identity? We know that there does not exist representation of BS{l,n) into 
y4//(T^) = SL{2,Z) K the group consisting of maps ■.g{x,y) = A.{x,y) + V, 
where A G SL{2, Z) and V G 

(2) Does it exist a faithful continuous action of < f,h >= BS{l,n) on with 
minimal sets outside per{f) ? 

(3) Is the product action on (M U oo) x S^ generated by fo{x,9) = (x + 1,6') and 
/io(x, 6) = {nx, k{6)), where k is a circle north-south diffeomorphism topologically 
rigid ? 
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In Section 2, we give definitions, properties and basic tools that we use in the rest of 
the paper. We exhibit examples of BS{l,n) acting on T^, and Theorem 1 and Corollary 
[T] are proved in Section 3. The goal in Section 4 is proving Theorem 3. In Section 5 we 
prove Theorems HI |5] and Corollaries [2] and [31 In Section 6, we consider perturbations of 
the standard SS'(1, ?2)-action on T^: we describe their minimal sets by proving Theorem 
[21 We also construct an action with a persistent global fixed point. 



2.1. Isotopy class of torus homeomorphims. 

We denote by Homeoz2(M.'^) the set of homeomorphisms F : — )■ such that 
F{I?) C I? and H ameo^^ii^^) the set of homeomorphisms F : — )■ such that 
F(Z2) C Z2 and F{x + P) = F{x) + P, for all x and P el?. 

Note that, a lift of a 2-torus homeomorphism isotopic to identity belongs to Homeo^2i^)- 
Conversely, if a 2-torus homeomorphism admits a lift F G Homeo^2{^) then it is isotopic 
to identity. 

Let : — )■ be a homeomorphism and let G : — t- be a lift of g. We can 
associate to G a linear map Ac defined by : 



By definition, it is clear that G G Homeo^2{^^) (that is g is isotopic to identity) if and 
only if Aq = Id. 

This map satisfy the following properties : 

(1) Ag does not depend neither on the integers m and n nor on the lift G oi g. In 
fact, Ag is the morphism induced by g on the first homology group of T^. So we 
can also denote Ag for Ag and we will use both notations. 

(2) Agof = AgoAf and Ag-i = A^}, 

(3) Ag G GL(2,Z), in particular 

(4) detAG = +1 or -1. 

2.2. Rotation set and rotation vectors. 
2.2.1. Definitions. 

Let / be a 2-torus homeomorphism isotopic to identity. We denote by / a lift of to M^. 
We call /-rotation set the subset of defined by 



2. Definitions-Notations 



G{p + (m, n)) = G{p) + ^^(m, n), for any m, n integers. 




Equivalently, (a, b) G p(/) if and only if there exist sequences (xj) with Xj G and 
nj — )■ cxD such that 




BS-ACTIONS ON SURFACES. 7 

Let X be in M^. The /-rotation vector of x is the 2- vector defined by p{f,x) = 
f^(xj — X 

hm G if this hmit exists. 

n^oo n 

From now on, we use both f or F for a hft of / to M^. 

2.2.2. Some classical properties and results on the rotation set. Let / be a 2-torus 
homeomorphism isotopic to the identity and / be a lift of / to M^. 

• Let X G be such that p{f,x) exists. Then p{f,x) G p(/). 

• If / has a fixed point then (0, 0) G 

• Misiurewicz and Ziemian (see |MZ89j ) have proved that: 

(1) pih = npCf) 

(2) p(/ + (p,g))=p(/) + (P,?), 

(3) the rotation set is a compact convex subset of M?. 

2.3. C""-local rigidity, where r G NU {00,0;}. 

Definition 2.1. An action < fi,hi > of BS{l,n) on a smooth manifold is C'-locally 

rigid (r G NUcxdUcu^ if there exist neighborhoods of fi and hi in the C^-topology such that 
whenever f and h are maps chosen from these neighborhoods and the group generated 
by < f,h > is isomorphic to BS{l,n), then the perturbed action is C" conjugate to the 
original one, that is there exists a - difjeomorphism H such that H o f o H^^ = fi and 
HohoH-^ = hi. 

2.4. ^^(l, n)-actions. Consequence of the conjugation between /" and /. 

As consequences of the group-relation ho f o h~^ = we get easily the following two 
propositions : 

Proposition 2.1. Let f and h be homeomorphisms satisfying ho f o h^^ = then 

(1) ho fP o h^^ = /"^, for all integer p, 

(2) h^ o f o h^P = for all positive integer p. 

Proposition 2.2. 

Let f and h be as in the previous proposition, then 

(1) h{fix{f)) = fix{f-), 

(2) Let per {f) be the set of periodic points of f , then h{per{f)) = per{f"'). More 
precisely, if x is an f^ fixed point then h{x) is an {f^Y — /"^ fixed point. 

(3) If Mf is an f -minimal set then h{Mf ) is a minimal set of f"'. 

(4) Let ent{f) be the topological entropy of f . Then ent{f) is or 00. 

Proof of (4). Since ent{f"^) = n.ent{f) and ent{ho f oh^^) = ent{f) the possible values 
for ent{f) are or 00. 

3. Examples of ^^(l, r;,)-ACTioNS on 
In this section we will exhibit examples of -BS'(1, n)-actions on T^. 
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3.1. Product of faithful actions on S*^. 

Let < fi,hi >, i = 1,2 be two actions of BS{l,n) on 5*^, we construct an action 
of BS{l,n) on by setting : / = (/i,/2) and h = (/ii,/i2). Clearly, the < f,h >- 
orbit of a point x = {xi,X2) in is the product of the < >-orbit of Xi and the 

< /2, ^2 >-orbit of X2. 

According to |GLllj . there exists a finite < fi,hi >-orbit at some point Ui E S^, hence 
the < f,h >-orbit of the point y = {yi, 7/2) is finite. 

The following two sections show examples of i^S-actions on without finite orbits. 

3.2. Product of non faithful actions on S^. 

We construct faithful ^^(l, ?T,)-actions without finite orbits as product of a faithful 
circle action and a non faithful one. 

Let < /i, hi > he a. faithful action of BS{1, n) on 5*^ and be a circle homeomorphism. 
We construct a faithful action of BS{1, n) on by setting: / = (/i. Id) and h = {hi, k). 
Clearly, if k has no finite orbit, there is no global finite orbit. 

3.3. Actions that come from actions of the afRne group of the real line. 

3.3.1. Actions of 6*^(1, M) and induced ^^(l, n)-actions on the circle. 

Identifying the affine real map x ^ ax + b with (a, b), the affine group of the real line, 
GA{1, M), is the group M>o x M endowed with the product (a, b) x (a', b') = {aa', ab' + b). 

The Baumslag-Solitar group ^^(l,^) can be seen as the subgroup generated by the 
elements (1,1) and {n,0). 

Let $ : ^^(1,^) ^ Diff{M) be an action of GA(1, M), the induced 55(1, n)-action 
is the restriction of $ to < (1, 1), {n, 0) >. 

The standard actions. 

Definition 3.1. The standard action of 6*^4(1, M) on the circle is the action by 
Moebius maps on the projective line, that is : 



This action is faithful and has a global fixed point at 00. 

Definition 3.2. The standard action of ^^(l, n) on the circle is the induced BS{1, n)- 
action, it is generated by the two Moebius maps fo{x) = $^'^"n'^(x) = x + 1 and ho(x) = 



,stand . 



GA{1,R) ^Diff^{S^) 
(a, b) ^ <l>lljf 



where 




,stand 



(x) = nx. 



(n,0) 
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It is faithful and has a global fixed point at oo. Moreover /o has a unique fixed point 
at oo that is elliptic and Hq has two hyperbolic fixed points : oo that is an attractor and 
that is a repeller. 

The orbit of a point x is explicit : 0{x) = {n^x + w,k G Z,w G 
All orbits are dense except the orbit of the global fixed point oo. 

Remark 3.1. Applying the change of coordinate x = tan(|) the standard GA{1,'R.)- action 
is given by : 



— TT, tt]/ (— tt ~ tt) — )• [ — TT, Tt] / ( — 71 ~ Tt) 

('^'*) '\u t-^ 2arctan(atan(|) + 6) 



^stand 



Non faithful actions. 

A family of non faithful action is given by : 

^deg . 

r GA{1,R) ^DiffXiS^) 
where {(pt) is any flow on the circle. 

The induced ^^(l, ?7,)-actions are the actions generated by f{9) = 9 and h{9) = ipinn{9). 

Remark 3.2. There exist actions that do not come from actions of the affine group of 
the real line: There exist (even orientation preserving) circle homeomorphisms which do 
not embed in a continuous flow (see |Zdu85] ). However, the family < f{9) = 9,h{9) = 
^inn{&) >; whcrc if is a flow, extends to actions < f{9) = 9,h{9) = k{9) >, where k is 
any circle homeomorphism. 

It is easy to see that h o f o k^^ = /" and that these actions are not faithful and have 
the dynamics of k : 0{x) = {k'^{x),n G Z}. 

3.3.2. Actions of GA(1,]R) and induced BS{l,n) on the 2-torus. 

Taking the product of the standard action with a non faithful action of 6*^1(1, M) on 
the circle, we get a family of faithful ^^(l, ]R)-actions on the 2-torus : 



: 

where 



(MU{oo})x5i ^(MU{oo})x5^ 
■ \ {x,9) ^ {ax + b,^iUO)) 

and {(ft) is any flow on the circle. 



The "extended" induced -BS'(1, n)-actions are the actions generated by fQ{x,9) = 
{x + 1,^) and hk{x,9) = {nx,k{9)), where k is any circle orientation preserving homeo- 
morphism. They are faithful since they are products of two actions, and one of them is 
faithful. Their dynamics depend on k. 
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Definition 3.3. 

The standard action of GA{\, M) on the 2-torus is the action where ^ptid) = 9+t 
is the flow of the circle rotations, that is given by 



The standard action of BS{l,n) on the 2-torus is the induced action, that is the 
action generated by /o(a;, 6) = {x + 1, 6) and Hq^x, 9) = {nx, ^ + Inn). 

This GA{1, ]R)-action has no global fixed point and it has an l-dimension circular orbit 



This BS{1, n)-action has no finite orbit, the restriction of /iq to oo x 5*^ is the irrational 
rotation by Inn. The unique minimal set is oo x 5^. 

3.4. Proof of Theorem [T] and Corollary [H 
Proof of Theorem [H 

We considered actions on the 2-torus generated by fo{x,9) = (a; + 1, 9) and hk{x, 9) = 
{nx,k{9)). 

In the previous section, we have seen that these actions are faithful BS{1, n)-actions, 
since they are products of two n)-actions on S^, where one of them is faithful. 

Note that the set of /o-fixed points, fix{fo) is the circle Ci := oox and any horizontal 
circle (M U {oo}) x is /o-invariant. The circles Ci = oo x S*^ and C2 := x are hk- 
invariant. The restriction of to these circles is the homeomorphism k. 

• If the rotation number of k is rational, then there exists a point in 00 x 5^ with a 
/ifc-finite orbit. As it is /-fixed, its BS-orbit is finite. 

• If the rotation number of k is irrational (for example for the standard action), 
there are neither fixed points nor periodic points of hk- Therefore there is no 
global fixed point for this action. Moreover, there is no finite orbit. The circle 
Ci contains the a;/ij.-limit set of any point in \ C2 and C2 contains the a/ij,-limit 
set of any point in \ Ci. Hence, the unique minimal set M for this action is 
contained Ci. 

If k is minimal, M coincides with Ci, the set of /o-fixed points. 
If is a Denjoy homeomorphism, M is strictly contained in Ci, the set of /o-fixed 
points. 

Proof of Corollary [1]. 

Consider BS-actions generated by /o and given by h^{x, 9) = {nx, 9 + ln(n) + e). If 
ln(n) + e is rational, then the restriction of /i^ to 00 x 5*^ is of finite order and every point 
in 00 X 5*^ has a finite BS-orbit, this action is clearly not topologically conjugate to the 
standard one. But, this can occur with e arbitrary small, so for a BS-action arbitrary 
C°°-close to the standard action. 

3.5. Other examples of actions of BS{l,n). 

In this part, we construct diffeomorphisms /, h [resp. F and H] generating a faithful 
BS{l,n) action on the circle [resp. the torus] where / [resp. F] has not fixed points but 
it has periodic points. 




^ (MU {00}) X 
(—7- {ax + b,9 + Ina) 



{00} X S\ 
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3.5.1. On the circle. Let us denote < fi, hi > the renormalization to ^] of the stan- 
dard BS{1, n)-action on M U {oo}, where i G {0, n — 1}. 

We define / : [0, l]/(o~i) — )■ [O,l]/(o~i) by /(x) = fi{x), if x G [;^, ^] and analogously 
h : [0, l]/(o~i) — 7- [0, l]/(o~i) by h{x) = hi{x), if x G It is easy to see that the group 

generated by / and h is isomorphic to ^^(l,^). 

Let / = R^_ o /, where R^{x) = x -\ — ^{modl). 

We claim that the group generated by / and h is isomorphic to BS{l,n). 

More precisely, ho f oh~^ = ho o f oh~^ = R_i_ o ho f o h~^ since by construction 

n—1 n—1 

R 1 commutes with h (and also with /). 

n — 1 

Then ho f o h^^ = R^_ o /" = [R^ o /)" = /" since R^ commutes with / and has 

n—1 n—1 n—1 

order n — 1. Hence, / and h generate an action of BS{1, n). 

This action is faithful, since it is a well known fact that for a non faithful action of 
BS{l,n), f has finite order. By construction / admits exactly n — 1 periodic points of 
period n — 1, so / is not of finite order. 

This construction provides an example of two circle diffeomorphisms / and h generating 
a faithful action of BS{l,n), where / has no fixed points but periodic ones. 

3.5.2. On the Torus. Let / and h be the circle diffeomorphisms as below. We define two 
torus diffeomorphisms : 

(M U {oo}) X [0, l]/(o~i) ^ (M U {oo}) X [0, l]/(o~i) 
{x,y) h^{x + lj{y)) 



and 

H 



[R U {oo}) X [0, l]/(o^i) ^ (M U {oo}) X [0, l]/{o~i) 
[x,y) ^{nx,h{y)) 

The diffeomorphisms F and H generate a faithful action of -^^(l,^) on the torus, F 
admits periodic points but not fixed points. 



4. ISOTOPY CLASS OF / AND ROTATION SET. 

The aim of this section is proving Theorem |3l 

Proposition 4.1. Let < f,h > be a faithful representation of BS{l,n) on T^. There 
exists a positive integer N (N G {1, 2, 3, 4, 6} ) such that f^ is isotopic to identity. 

Proof. For proving the proposition, it is enough to prove that there exists G N such 
that = Id. 

As G GL{2, Z) and / is conjugated to /" we have : 

• the linear maps Aj and Afn = A^ are conjugated by Ah G GL{2, Z), 

• the modulus of the eigenvalues of Af are 1. 

• the product of the eigenvalues is +1 or —1. 

• the trace of is an integer. 
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Case 1: Af admits a real eigenvalue. 

In this case, the possible eigenvalues are +1 or —1 and Af is conjugated to one of the 
following applications: 

where Ei G {—1, 1}, i = 1,2. 

It is clear that Af = Id. We are going to prove that A2 cannot occur. 

f 1 n \ 

If £1 = 1 then A2 = { . One can see that A2 can not be conjugated to A2 in 



GL(2,Z). More precisely, one can compute the conjugating matrix in GL(2,]R), it is of 
the form : A. ^ = ( ^ ^1 where b E This matrix does not belong to GL(2,Z). 

" V y 



This case is not possible. 

If El = —1 then A2 = ( ^ -^"^ ^ , if n is even or = ^ ^ ) , if ^ is odd. 

For n even, one can easily see that A2 can not be conjugated to A2, since Tr{A2) = 
2^Tr{A2). 

For n odd, one can see that A2 can not be conjugated to A2 in GL{2, Z): one compute 

J- ) "where 6 G Z. 
This matrix does not belong to GL{2, Z). This case is not possible. 

Case 2: Af has complex eigenvalues. 

Necessary Af has two eigenvalues A, A. Moreover |A| = 1. So detAf = AA = |Ap = 1. 
Hence, Af is conjugated to a rotation of angle 6. The trace of is 2 cos 6 and it is an 
integer. Then the possible values for cos 6' are : 0, 1, —1, |, — |. 

If cos 6* G {1, -1} then A/ = ^ ^ ^ ^ , where e G {-1, 1}. 

If cos6' = then Af is conjugated to ^ ^ (where Ei G {—1, 1}) which is of 

order 4, so Ajr = Id. 

If cos 6* G {|, — |} then Af is conjugated to the rotation of angle /|, where / G {1, 2, 4, 5}. 
Therefore, A^f = Id. 

□ 

According to the previous proposition, given an action of BS{l,n) =< f,h > on 
there exists an integer such that is isotopic to identity. From now on, we assume 
that / is isotopic to identity : this is not a restrictive hypothesis since the action of 
< /i > on is an action of the Baumslag-Solitar group BS{l,nN). 

For proving Theorem [3l we begin by proving the following: 

Proposition 4.2. /// is isotopic to identity and f is a lift of f , then p{f) is a rational 
point. 
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For proving this proposition we need the following lemmas: 

Lemma 4.1. Let H e //omeoz2(R^) and F e Homeol^i^'^) then p{H o F o R-^) = 
Ah{p{F)). 

Proof 

Case 1: Ah = Id. We prove that p{H oFo H'^) = p{F). 

Let (a, h) be a vector in the rotation set of if o F o H~^. By definition, 

{HoF oH-^Y^{xi)-Xi 
(a, o) = lim 



Then (a, h) = lim 



Hi 



- lim ^ ° o H-\xi) - F"^ o H-\xi) F"' o H-\xi) - Xi _ 
^ ^.^ {H - Id){F^^ o H-\xi)) ^ F^^ o H-\xi) - Xj 

As = 7d, the map {H — Id) is bounded (periodic) so the hmit: 



^^(g-/d)(F~.og-(g.))^ 



Moreover, 



lim ^ = hm ^-^ ^ H ^ 

i->oo rij i->-oo m Hi 

By definition of the rotation set, the limit : 

^.^ F^^ o H-\xi) - H-\xi) 

belongs to p{F). 

As Ajj-i — Id, the map [H~^ — Id) is bounded so the limit : 

, (H-^-Id)(xi) , , 
lim = (0, 0). 

i->-oo m 

Finally, (a, 6) G p(-F). This proves the inclusion pill o F o H~^) C p{F). By writing 
this inclusion with II~^ instead of H and H o F o H^^ instead of F we obtain : p{II~^ o 
{HoFo H-^) oH) dpiHoFo H~^) that is p{F) d p{H o F o H'^). 

Case 2: H is a linear map that is H = Ah- We prove that p{II o F o H~^) = Ah{p{F)). 
Let (a, b) be a vector in the rotation set of if o F o H^^. By definition, 

H o F^^ o H-\xi) - Xi A^oF"^oA-i(£;)-f; 
(a, 6) = lim = lim — 



n,- i-^oo rij 
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This proves the inclusion p{H o F o H ^) C Ah{p{F)). We obtain the other inclusion 
with analogous arguments as in case 1. 

Case 3: General case. 

We claim that the map o H E Homeo'^zi^'^)- 
Let P an integer vector in and a; be a point of M^. 

o H{x + P) = A-h\H{x) + Ah{P)) = AJ,^ o H{x) + o Ah{P) = Ajj^ o H{x) + P. 
By case 1, we have p{Ajl o H o F o o A^) = p{,F). 
By case 2, we have oHoFo R-^ o Ah) = Ajl{p{H oFo R-^)). 

Then p{F) = Ajj\p{H oFo H~^)), it follows that p{H oFo H~^) = AnipiF)). □ 

Lemma 4.2. Let < f,h > be a faithful representation of BS{l,n) on such that f is 
isotopic to identity. Then p{f) = ^(tq o AjJ{p{f)), where Q is an integer vector in M? 
and tq denotes the translation of vector Q. 

Proof. As two lifts of a torus map differ by an integer vector, we have that 

h o f o h^^ = h o f o h^^ + P , for some integer vector P. By iterating this formula we 
have:^,^^ 

h ojk^h-^ = hofoh-^ + kP. Then 



Hence, by properties of the rotation set we have p{h o f ok ^) = p(h o f ok ^) + P = 
A^{p{f)) + P, because of the previous lemma. 

Since h o f o h-\ we have p(7") = A^(p(/)) + P. 

Since (/") and (/)" are two lifts of then np{f) + P' = AMf)) + P, for some 
integer vector P'. 

Finally, p{f) = ^{tq o A-^){p{f)), for some integer vector Q. □ 

Proof of the Proposition 14.21 

Let B be the affine map of given by -B = ^(tq o Aj^). Note that the linear part B 
of B satisfies detB = j^detAj^ = The formula given by Lemma [4.21 can be written 

as = B{p{f)). By taking the volumes, we get: vol{p{f)) = \detB\vol{p{f)) = 

■^vol{p{f)). Then vol{p{f)) = since p{f) is a compact set. 

This implies that p(/) has empty interior, so since it is a convex set, it is either a 
segment or a point. 

In the case where p{f) is a segment [a, c] with a c, since B{[a,c]) = [a, c] we either 
have B{a) = a and B{c) = c or B{a) = c and B{c) = a in both cases B^{a) = a and 
B\c) = c. 

As B^ is an affine map, its linear part has 1 as eigenvalue, its trace is ^Tr so it 
has the form with n G Z. 

Its determinant is ^ so its other eigenvalue is 

Therefore its trace is 1 + ^ so has not the form ^ with p 6 Z, this is a contradiction. 
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Consequently, the rotation set p(/) is a single point which is the unique fixed point of 
the affine map B. Since B has rational coefficients, then p(/) has rational coordinates. 

□ 

Proof of the Theorem |3l 

According to Proposition 14. there is an integer such that is isotopic to identity. 
By Proposition 14. 2[ the rotation number of any lift is a rational vector. 

Let us write = (y, where pi,p2, <? are integers. Hence, p{f'^'^) = (^1,^2) G 

then there is a lift of /^"^ which has rotation set equal to {(0, 0)}. 

According to Corollary 3.5 of |MZ89j . {(0,0)} = = Cont;(perg(/^)), where 

Pergif ) '■= {/ (/ ^ id)dfi, whcrc p is an ergodic /-invariant measure}. 

Hence {(0,0)} = Pergi.f^'^)- Then, using Theorem 3.5 of [Fra89j . f^'^ has a fixed point 
and therefore fix{f^'^) is non empty. 

□ 

5. Existence of a BS-minimal set in per{f). 

The aim of this section is to show the existence of a minimal set for the action included 
in the set of /-periodic points. In the case that < /, /i > is a representation of -B>S'(1, n) in 
Homeo{X), where X is a compact metric space (Theorem H]), we ask for the existence of 
fixed or periodic points of / and in Theorem [5] we assume that any /-invariant probability 
measure has support included in the set of /-fixed points. In this case, we also study /- 
minimal sets and the topological entropy of /. In this section we also prove Corollaries |2] 
and El 

We are going to prove Theorem 31 
Proof of (a)(1). 

Let Xq e fix{f). Since o f oh~^ (xq) = /"^(xq) = Xq for any j e N, then foh~^{xo) = 
h~^{xo) so h~^{xo) e fix{f) and the a-limit set of Xq for h is included in fix{f). 

Proof of (a)(2). 

Let M be an /-invariant set, then f{h-^{M)) = h-^if'iM)) C h-^{M). Since ^ o f o 

= /"^ for any j G N, then h~^{M) is /-invariant. 
Let P = fix{f). It holds that h^^{P) C P so h^^{P) is a closed /-invariant set for any 

jeN. 

n 

Let Kn = [^h-'{P), since fix{f) 7^ 0, then {Kn} is a family of decreasing /-invariant 

—n 

00 

non-empty closed sets, therefore A' = h~\P) is a closed non-empty set invariant by / 

—00 

and h. As a consequence there exists a PS-minimal set included in K. 

Let us call Mbs C fix{f) a minimal set for the group. Since Mbs is /?.- invariant there 
exists an h minimal set Mh C Mbs- The set Mh is also /-invariant (it is contained in 
fix{f)), so it follows that = Mbs- 

Proof of (a)(3). 
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Since fix{f) C and h{fix{f)) = fixif") then ^{fix{f)} = tl{/ia;(/")}. There- 

fore fix{f) = h{fix{f)) and h has a periodic point in fix{f). 

Proof of (a)(4). 

Let A4 he a. i?5'-minimal set verifying Ai fl fix{f) ^ 0. Let x E Ai H fix{f) then 
ah{x), the a-hmit set of x for h, is a /i-invariant closed set verifying afi{x) C fix{f). Let 
Mj; C a;/i(a:;) be a minimal set for the group. Since x & Ai then ^/^(s) C Ai, therefore 
Mx = Ai and the claim follows. 

Proof of (b). 

Suppose that per{f) ^ 0, then there exists an positive integer N such that fixf^ ^ 0. 
According to item (a)(2), there is a minimal set Mjv of < f^,h > such that C 
fixf'^. 

Let M = u£oV'(M^)- 

• Mis /-invariant : f{M) = U^'of^^M^) = Ai, since /^(M^) = M^. In fact, 
Ai = UkezfiM^). 

• Mis /i-invariant : h{M) = U^~ohof{MN) = l^k=o r''oh{MN) = □^-^^"'^(M^) C 
M, since M^r is /i-invariant. 

Since M is closed, non empty, / and h invariant, it contains a BS minimal set M. 

• M C fix{f^): let x G M, there is a /c = 0, - 1 and x' G such that 
X = fix'). Hence /^(x) = /^+'=(x') = fif^ix')) = f{x') = x. 

Finally, M cMc fix{f^). 

□ 

Proof of Corollary [2]. 

If the action were minimal, its unique minimal set would be X and would be contained 
in fixf^, according to item (b) of Theorem HI This implies that X = fixf^ and so 
/■^ = Id, the action would not be faithful. This is a contradiction. □ 

The following is the proof of Theorem [H 

^ k-l 

Proof of (1). Let Mf be an /-minimal set and Xq G Mj. Let fJ^k = t ''y^^f^ixo) ^ 

i=0 

weak limit of /ifc. It is known that /i is an /-invariant probability measure and its support 
is included in Mf = Of{xo), the closure of the /-orbit of Xq. In addition, by hypotheses 
supp{fi) C fix{f) then Mf fl fix{f) ^ 0. It follows that Mf is reduced to a fixed point. 
Since a periodic orbit is a minimal set we have that per{f) coincides with the set fix{f). 

Proof of (2). Let Mbs be an i?S'-minimal set. Since Mbs is /-invariant, there exists an 
/ minimal set Mf C Mbs- Since Mf is an /-fixed point, it follows that Mbs^ fix{f) ^ 0, 
so according to items (a)(2) and (a)(4) of TheoremHJ Mbs ^ /^3;(/) and it coincides with 
a /i-minimal set in fix{f). 

Proof of (3). Recall that entfopif) = sup{ent^{f)} where u is an /-invariant probabil- 
ity measure, the supremum of all metric entropies. Since ent^{f) = entiy{f\supp{u)) and 
f\supp{u) = Id, we have that enttopif) = 0. 

□ 
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We finish this section by proving Corollary [3l 

If S* = T^, let be the positive integer given by Theorem 1, then the set fix{f^) ^ 0. 
If S = S^, let be the smallest positive integer such that has at least three fixed 
points and it is orientation preserving. Otherwise, N = 1. 

In addition, / is distortion element of -^^(l, n), so according to Theorem 1.3 of }FH06j 
for any /-invariant probability measure, /i, it holds that supp{fi) C fix{f^) so Theorem 
implies the claim of this corollary except the /-ellipticity of the points in minimal sets. 

For simplicity, we will prove the ellipticity in the case where / has fixed points. The 
general case is analogous. 

Let xq be a point in a i?S'-minimal set Mbs- Since Mbs is also an /i-minimal set, the 
/i-orbit of xq is recurrent. Then there exists a subsequence (n^) (n^ — )• oo) such that 
/i-"'=(xo) ^ Xq. 

From h^^ o / o h^"^*" = /""'' , we deduce that : 

Dh^^ifih-^'^ixo))) o Df{h-^^{xo)) o Dh-^^'^ixo) = nr^'ixo). 

As the points xq and /;.""'= (xq) are fixed by / and (D/i~"'=(xo))^^ = Dh"'''{h^'^''{xQ)), 
then: 

{Dh-^^{xo))-' o Dfih-^^ixo)) o Dh-^^{xo) = (DfixoT"'. 

So Df{h~"'''{xo)) and (D/(xo))""* have the same eigenvalues. As / is and /i~"'=(xo) — )■ 
xo, then Z}/(/i-"'=(xo)) ^ /^/(xo). 

We conclude that Df{xo) and {D f (xq))"'"'' have the same eigenvalues, finally the eigen- 
values of Df{xo) have module 1. 

□ 

6. Perturbations of the standard i?S'(l,?T.)- action on T^. 
Let us recall that : 

• the standard BS-action on is the one generated by the two diffeomorphisms of 
M U {oo} X : /o(x, 6) = {x + 1, 6) and ho{x, 9) = (nx, 9 + ln(n)), 

• Ci := oo X 5^ and Ca := x S\ 

Before proving Theorem [21 we prove the following 

Lemma 6.1. Let us consider a BS-action < f,h > onT'^ generated by f and h sufficiently 
-close to homeomorphisms /o and Jiq which generate a BS-action. If both /o and Jiq are 
isotopic to identity and the rotation set of a lift of fo is (0,0), then the rotation set of a 
liftoff IS (0,0). 

Proof of the lemma. 

For (/, h) sufficiently close to (/o, /iq), / and h are isotopic to identity. By Lemma Wf2\ 
the rotation set of any lift f of f satisfy np{ f) = p{f) -\- {p, q), where (p, q) is an integer 
vector. Then the rotation set of / is a rational vector (^^, :;;3x), with p, q integers. 

It is proved in |MZ8 9J that the rotation set map p : Homeoz2{R'^) -> /C(]R^), the set 
of compact subsets of is upper semi-continuous with respect to the compact-open 
topology on Homeo^2[M.'^) and the Haussdorff topology on /C(]R^). In other words, if G is 
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an element of ifomeoz2(M^) and f/ is a neighborhood of p{G) in M^, then for F sufficiently 
close to G, we have p{F) C U . 

The rotation set of a lift of /o is (0, 0), consider a neighborhood U of (0, 0) in that 
contains no points of the form (^^, ;;3x), with p, q integers and (p, g) ^ (0, 0). 

According to the previous result of |MZ89] . for / sufficiently close to /o, the rotation 
set of a lift of / is included in U and since it has form (;^, -^^), it must be (0, 0). □ 

Proof of Theorem [2l 

(1) The circles Ci and C2 are /iQ-normally hyperbolic in the sense of |HPS77j . Consider 
a neighborhood Ui of Ci where Ci is /iQ-attractive and a neighborhood U2 of C2 where 
C2 is /iQ-repulsive. Obviously, there exists some integer ko such that /^^(T^ \ U2) C f/i, 
V^T^ \ t/i) c [/2, for all A; > fco- 

According to Theorem 4.1 of [HPS77J, there exists a C^-neighborhood V of /iq in 
Dif f^ir"^) such that for all /i G V there exist two circles C[ and which are C^-closed 
to Ci and C2 respectively and they are /i- invariant. 

Moreover C[ is /i-attractive in Ui and C2 is /i-repulsive in U2 and /;,^(T^ \ U2) C f/i, 
/i~'^(T^ \ Ui) C ?72; for all k > k^. Therefore, item (1) is proved. 

(2) Obviously, the rotation set of a lift of /o is (0, 0). According to previous lemma, the 
rotation set of a lift of / must be (0, 0). Then fix{f) is not empty. 

Let xo G fix{f), if xq ^ C[ the its a-limit set for h is included in and consists of 
/-fixed points, according to Theorem HI In other words, €'2 intersects fix{f ). But for / 
sufficiently close to /o we have that /■'(C2) fl C2 = 0, for any j 7^ 0. Hence xq E C[. 

(3) We first prove that any minimal set of BS intersects C[. 
Let us consider M a BS-minimal set : 

Suppose that M C then /(M) = M C /(Cg) then /(C2) n ^ which is contradic- 
tion for / close to /q. 

Since M <^ C'2, there is xq G M \ Cg. Then u;/i(xo) C C( fl M, so we are done. 

The circle C[ is /i- invariant, we can consider the rotation number p of the restriction of 
htoC[ : 

Case 1: p G Q. 

There is a BS-minimal set Ai included in fix{f) so in C[. This set contains an 
/i-minimal set in C[. Moreover h has periodic orbit and any minimal set of h\c[ is an 
/i-periodic orbit. Then there is an /i-periodic orbit contained in C fix{f). So this 
/i-periodic orbit is a finite BS-orbit. 
Case 2: p ^ Q. 

Case 2a: h\c[ is conjugated to an irrational rotation. 

We claim that C[ = fix{f). Let xq G fix{f), then ah{xo) = C[ and it is contained in 
fMf). Hence ftx{f) = C[. 

Now, we prove that C[ is a minimal set for the BS-action: 

Let X be in C[ = fixf. The closure of /i-orbit of x is BS-invariant and coincide with 
C[. Consequently, the circle C[ is a minimal set for the BS-action. 
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Case 2b: h\c[ is semi-conjugated (not conjugated) to an irrational rotation. 

Then h\c[ admits a unique minimal set K that is homeomorphic to a Cantor set. 

Let Xq be a fixed point of /, then K = a/i(xo) C fix{f). So K is BS-invariant, so it 
contains a BS-minimal set. 

Since any BS-minimal set intersects C[ and ah{x) = K for all a; G CJ, any BS-minimal 
set contains K. 

Finally, K is the unique BS-minimal set and it is a Cantor set. 

□ 

In the case that the action is we have the following 

Corollary 4. // the action is and sufficiently -close to < Jq, Hq > then either : 

(1) C'l = fix{f) is the unique minimal set for the action and the minimal sets of f 
are its fixed points or 

(2) there exists a finite BS-orbit contained in C[. 

Proof. 

According to theorem [2] (3), either there exists a finite i?S'-orbit in €[ or the action has 
an unique minimal set M which is the unique -minimal set. 

In the second case, since /i is C^, the circle map h\c' is and according to Denjoy's 
theorem, M is the whole circle C[ = fix{f). □ 

6.1. Persistent global fixed point. 

Proposition 6.1. Let us consider a BS-action < f,h > onT"^ generated by f and h 
sufficiently C^-close to /q and Jiq, where /o and Jiq are isotopic to identity. If the rotation 
set of a lift of /o is (0, 0) and Jiq is a Morse Smale diffeomorphism satisfying that any 
periodic point is Jiq- fixed, then < f,h > admits fixed point. 

Proof. 

Any h sufficiently C^-close to Jiq is a Morse Smale diffeomorphism where any /i-periodic 
point is fixed. In particular, any /i-minimal set is an /i-fixed point. 

By lemma |6TT| rotation set of a lift / is (0, 0), so fix{f) is not empty. 

As a consequence of Theorem HI there is a BS-minimal set included in fix{f), this 
minimal set contains an /i-minimal set, that is a fixed point of h. This point is a global 
fixed point. □ 

Explicit example. 

Let fo{x, 9) = {x + 1,9 + 1) and ho{x, 9) = {nx, n9), where a; G M U oo and G M U oo. 
It is easy to check that both diffeomorphisms are isotopic to identity, ho is a Morse Smale 
diffeomorphism with two fixed points: (0, 0) and (oo, oo) and /o has a unique fixed point: 
[oo, oo). These diffeomorphisms satisfy the hypothesis of the previous proposition, so any 
sufficiently C^-close BS- action has fixed point. 
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